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1. Introduction
Pulsar timing arrays (PTAs) [1–4] provide a unique

window intonanohertz gravitationalwaves (GWs), but
extracting astrophysical parameters from noisy, long-
baseline timing residuals remains computationally
challenging with traditional Bayesian techniques due
to high-dimensional parametric spaces, strong degen-
eracies, and complex, correlated noise models [5–8].
These challenges are particularly acute for determin-
istic searches such as eccentric supermassive black-
hole binaries (ESMBHBs), whose non-sinusoidal,
evolving waveforms induce complex, phase-driven
timing signatures that are difficult to disentangle us-
ing purely data-driven approaches [9, 10].
To address this, we introduce a two-stage physics-

informed inference framework, summarized in Fig. 1,
built around Transformer architectures [11] with
structured positional encodings that explicitly em-
bed analytical GW orbital-phase evolution. In Stage
I, a physics-informed Transformer [12] extracts phys-
ically meaningful representations from PTA timing
residuals and provides accurate point estimates of
eccentric binary parameters. In Stage II, the Trans-
former with physics-informed outputs is summa-
rized into a compact context vector, which conditions
discrete or continuous normalizing flows [13, 14],
enabling recovery of the full posterior distribution
within a simulation-based inference framework [15,
16].
Across a range of signal-to-noise ratio (SNR), the

proposed approach achieves sharper posteriors and
orders-of-magnitude faster inference than physics-
agnostic baselines. Themodular frameworknaturally
extends to realistic PTA analyses incorporating red
noise and additional signal components, highlighting
the promise of physics-aware deep-learning models
for next-generation GW inference in PTA- and LISA-
like observatories.

2. Dataset Generation
In PTAs, the fundamental observable is the pulsar

timing residual. The dataset consists of timing resid-
uals : 𝑋 = {𝑑 𝑗 (𝑡𝑖 )}𝑖=1,...,𝐿𝑗=1,...,𝑃 , measured across 𝑃 pulsars
and 𝐿 observation times. Each residual is modeled as

𝑑 𝑗 (𝑡) = 𝑠 𝑗 (𝑡 ;𝜃 ) + 𝑛 𝑗 (𝑡),

where 𝑠 𝑗 (𝑡 ;𝜃 ) denotes the deterministic GW signal
from an ESMBHB system [10], and 𝑛 𝑗 (𝑡) represents
stochastic noise.

Fig. 1: Overall architecture of the physics-informed
SBI pipeline. Top: physics-informed Transformer
for feature extraction and point estimation. Bot-
tom: simulation-based inference via a conditional
normalizing flow conditioned on the Transformer
context vector ℎ.

We construct simulated GW-induced timing residu-
als using a standard post-Newtonian signalmodel [17],
in which the residual morphology is governed pri-
marily by the orbital phase 𝜙 (𝑡) evolution. The target
parameters are

𝜃 = {log10 𝑛, 𝑒0, log10M𝑐 , log10 𝑆},

corresponding to the orbital frequency, initial eccen-
tricity, chirp mass, and amplitude scale. Noisy real-
izations are generated by injecting white Gaussian
noise and fixing the SNR ranges, enabling controlled
evaluation across different noise levels.

3. Physics-Informed Representations
ESMBHB systems exhibit phase-dominated tem-

poral evolution, with 𝜙 (𝑡) governing waveformmod-
ulation and periastron advance—structure that index-
based positional encodings fail to capture, particu-
larly under irregular sampling or low SNR. To incor-
porate this domain knowledge, we introduce a physics-
informed phase encoding (PIPE), where the instanta-
neous (or predicted) orbital phase is wrapped into
(−𝜋, 𝜋], averaged within each token, and mapped to
a sinusoidal basis:
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PE𝜙 (𝑏, 𝑠, 2𝑖) = sin
(

𝜙 tok
𝑏,𝑠

100002𝑖/𝑑

)
,

PE𝜙 (𝑏, 𝑠, 2𝑖 + 1) = cos
(

𝜙 tok
𝑏,𝑠

100002𝑖/𝑑

)
.

(1)

The resulting embedding tensor PE𝜙 ∈ R𝐵×𝑆×𝑑

is combined with standard positional encoding via
learnable gates,

𝑍𝑠 =𝑇𝑠 + 𝜔posPEpos (𝑠) + 𝜔𝜙PE𝜙 (𝑠), (2)

allowing the network to adaptively balance physical
and positional information.

4. Phase Prediction for Realistic Data
In realistic PTA observations, the true orbital

phase is not directly accessible. We therefore train a
separate neural network to predict the instantaneous
orbital phase from the timing residuals, 𝑥 (𝑡) ↦→ 𝜙 (𝑡),
with the phase represented on the unit circle as
(cos𝜙, sin𝜙) to respect its periodic nature.
The training objective combines circular align-

ment, temporal smoothness, and spectral consis-
tency,

L𝜙 = −E[ŷ ·y] +𝛼 E
[
(Δ𝜙)2

]
+𝛽



�|F [ŷ] |− �|F [y] |


2
2, (3)

where y = (cos𝜙, sin𝜙) and ŷ denote the true and
predicted phase embeddings, respectively.
The predicted phase is subsequently used to con-

struct the physics-informed phase encoding (PIPE),
enabling fully data-driven yet phase-aware inference.

5. Two-Stage Inference Framework
5.1 Stage I: Point Estimation with Physics-Informed

Transformer
As shown in the top panel of Fig. 1, PTA residuals

are tokenized and processed by an external-attention
Transformer. The sequence output is mean-pooled
to obtain a latent representation ℎ = 1

𝑆

∑𝑆
𝑠=1 𝑍

(final)
𝑠 .

A lightweight regression head maps ℎ to point esti-
mates, 𝜃 = 𝑓MLP (ℎ), providing fast and accurate pa-
rameter predictions. This stage already benefits sub-
stantially from physics-informed encoding, partic-
ularly for phase-sensitive parameters such as 𝑛 and
𝑒0.

5.2 Stage II: Simulation-Based Inference with Normaliz-
ing Flows
While point estimates are informative, full sci-

entific inference requires the posterior distribu-
tion 𝑝 (𝜃 |𝑋 ). In Stage II, the Transformer output
ℎ—learned using physics-informed phase encod-
ing—serves as a compact context vector that sum-
marizes the physically meaningful information ex-
tracted from the PTA data (Fig. 1, bottom). This con-
text vector conditions a normalizing flow (NFs), im-
plemented using both discrete and continuous formu-
lations, defining the posterior through an invertible

Table 1: Mean log posterior density (LPD) at the true
parameters, averaged over 104 independent vali-
dation realizations. Higher values indicate better-
calibrated posterior representations.

Model ⟨log𝑞𝜙 (𝜃★ | 𝑥)⟩
CNF (no phase) −2.196
CNF (predicted phase) −0.328
DNF (no phase) −2.509
DNF (predicted phase) −0.386

mapping from a simple base distribution

𝑧 ∼ N(0, 𝐼 ) ↦→ 𝜃 = 𝑓𝜑 (𝑧;ℎ). (4)

The corresponding posterior density is obtained via
the standard change-of-variables formula.

Fig. 2: The top-right panels show point-based infer-
ence results (SNR 20–30), comparing predicted and
true parameters with and without phase-informed
encoding and demonstrating improved calibration
when phase information is included. The left panel
shows simulation-based inference using a continu-
ous NFs for a single validation realization, where
phase-informed encoding (solid blue) yields tighter,
better-centered posteriors with reduced parameter
degeneracies compared to the encoding-free base-
line (dashed orange).

6. Result
Consistent with Fig. 1, physics-informed phase

encoding substantially improves both point-based
and posterior representations (Fig. 2). Table 1 shows
that discrete and continuous normalizing flows con-
ditioned on the predicted phase assign significantly
higher log posterior density at the true parameters
than encoding-free baselines, indicating improved
calibration.
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